Introduction.
Let T+ denote the set of all positive type polynomials, i.e., T+= { E/U ajX'} -\Pm{x)} where ay^O, O^j^w^l, am5^0. Clearly, T+ is closed under multiplication but not factorization. An analogous but wider class of functions has been considered by Rosenbloom [4] . Let Tt be that subset of T+ which is irreducible over T+ (i.e., Pm(x)eTi, Pm(x)=Pk(x)-Pm_k(x), 0<k<m, implies Pk£T+ or Pm-k(x)(£T+). It would be of interest to have a criterion for deciding when an arbitrary member of T+ lies in Ti or Tr=T+ -7\. For m = 2, the sign of the discriminant of the quadratic provides the answer while for m = 3 a NSC that Pm(x)^Tr is aia2^ao03. For w=4a NSC can be given ( §4) in terms of the location of a root of P4(-x) (which is not very satisfactory) from which simpler conditions can be derived in certain cases. Some partial results are given for general m.
The preceding is manifestly applicable to the so-called "arithmetic of probability distributions" (initiated by Paul Levy, see e.g. [2] ) provided the random variables take on only a finite number of rational values (or values of the form a+kb, k rational, a, b real). The proof of Theorem 1 contains a method of constructing an indecomposable (prime) distribution for any positive integer rn^l.
Preliminary considerations.
Unless the contrary is stated it will be understood that Pm(x)£7+.
In the treatment of this polynomial there is no loss of generality in supposing am = l, a0>0.
Denoting by
Ai, A\, B{, d positive real numbers, the canonical decomposition of Pm(x)£7 + into quadratic and linear factors can only be of the form n (*2 -a,x+bs) n (*2+au+Bk) n (*2 + ^ n (*+cy
The number of linear factors Lt may be supposed to be at most one. Let Tq<Z.T+ denote the set of positively quadral polynomials (see [3] ), i.e., all quadratic factors are of the Q+ or Q° variety and any linear factors are of the form L+. Hurwitz [l] has given a NSC that all roots of Pm(x) have negative real part. By inserting a few equality signs here and there in I. Schur's proof of Hurwitz's Theorem (see [5, appendix] be non-negative. Here aj = 0 for j>m.
Obviously, Tt is closed under factorization and Tq(ZTT. Thus, the problem originally stated retains interest only if the extended Hurwitz criterion is violated, i.e., Pm(x) £T* = T+ -Tq. In such a case there is at least one factor of the Q~ type and this may be represented by Q-(x, e)=x2-Ax+eAi where e, A>0. Actually e>l/4 if Q~(x, e) is to have no positive root (be a factor of Pm(x)).
Minimal degree polynomials.
Theorem 1. A NSC that there exist Pm(x)^T+ containing Q~(x, e) =x2 -Ax-j-eA2 as a factor is that m^ smallest integer j such that j arc cos (1/261'2) ^ir.2 Necessity. By the transformation x=Ay, we may suppose A=l.
Let S=4e-1>0 and bj = 2~'a^0. As the roots of Q~(x, e)=0 are also roots of Pm(x) = 0,
Denote the coefficients of bj in (1.1) by /3-=/,-(8) = 2'~1//e) and those in (1.2) by &, = S1/2g; = 51/2gX5) = S1/22>_1£y(e). These quantities are virtually the Tchebycheff polynomials of the 1st and 2nd kind, Denote by Mi = Mi(ti) the degree of a minimal polynomial contain-License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use ing Qi (x, ti) as a factor. We consider next some effects of having two Q~ factors. Theorem 3. Let Pm(x)<=T+. If Pm(x) = (x2-A1x+e1A\)Pm_2(x) with m = Mi-\-j where j = 0 or 1 and Pm_2(x) = (x2-A2x-\-t2A\)Pm^i(x) where necessarily ei ^ e2, then Mi > 2M2 -1 -j and Pm_2(x) is not minimal for e2.
Proof.
Let Pm(x) = (x2-A2x + e2A\)Rm-2(x). As m^Mi + 1, Rm-2(x)^T+.
By Corollary 2.1, M1+j>2M2-l. Furthermore Pm_2(x) cannot be minimal for e2 since Mi-\-j -2 = M2 would imply 3>if2. Q.E.D. (i) 7/ 2-1a3>ao0i~\ a NSC for two, one, or no factorizations of P4(x) within T+ is that both, just one, or neither of (5.1) and alai2+a2 a^-ao-ai1 hold.
(ii) // r2>aoar1^2_1a3, P4(x)GP* (with just one factorization) or Ti according as (5.1) holds or not.
(iii) // r2=aoar1 = 2_1a3, then P4(x)G7^ and there are two factorizations or one according as both (5.1) and a\>a2)[2ao -aja3] hold or not.
Proof of Theorems 6 and 7. By Theorem 5, a NSC that P4(x) G T* is that there exist z in (0, a3] such that z~2Pt( -z) =0 and @2(z) 2:0. But z~2P4( -z) =Q2(z)-7?(z) where R(z) =aiz~1 -a<>z~2. Hence, it is NS that Q2{z) =R(z) 2:0 for some z in (0, a»]. A consideration of the behavior of the graphs of these two functions yields the particularized results. The condition in (iii) arises from an examination of the slopes at z=aBar1. Q.E.D.
The relationships among the coefficients a,-are not exhausted by the considerations of the last two theorems. The remaining cases can
